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Abstract
We study soft and collinear gluon emission in squark decays to quark–neutralino pair, at next-to-
next-to-leading logarithmic (NNLL) accuracy in the end-point region, using Soft Collinear Effective
Theory (SCET), and at next-to-leading (NLO) fixed order in the rest of the phase space. As a
phenomenological case study we discuss the impact of radiative corrections on the simultaneous
measurements of squark and neutralino masses at a linear e+e− collider based on
√
s = 3 TeV
Compact Linear Collider (CLIC). Since the majority of mass measurement techniques are based
on edges in kinematic distributions, and these change appreciably when there is additional QCD
radiation in the final state, the knowledge of higher-order QCD effects is required for precise mass
determinations.
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I. INTRODUCTION
The discovery of Dark Matter (DM) in a collider experiment crucially depends on the
ability to measure precisely its properties – its mass and couplings to visible matter. These
are the necessary ingredients to test the hypothesis of a “WIMP” miracle [1–4]. Given the
importance of such a discovery a number of methods to measure DM mass have been devel-
oped [5–18]. In this paper we are interested in understanding how QCD radiations modifies
the precise determination of DM mass. Many of the methods for DM mass measurements
were developed with low energy supersymmetry (SUSY) in mind [19]. We will thus also use
SUSY as an example, though our results do apply more generally.
A significant effort was devoted in measuring DM mass at hadronic colliders. An inge-
nious method was put forward in [10, 11], where it was applied to g˜ → qq¯χ decays in gluino
pair production. The mass of g˜ and χ can both be measured simultaneously from mT2, by
computing for each event the value of mT2 as a function of an assumed χ mass, mT2(mtrial).
The envelope of mT2(mtrial) curves exhibits a kink at mtrial = mχ, where mT2 = mg˜. Mea-
suring the kink determines both masses (for the effect of radiative corrections see [20]). For
two body decays, e.g., for squark decays, q˜ → qχ, the kinks in the distributions appear only
once initial state radiation is included [7]. This underscores the importance of radiative
corrections for DM mass measurement using kinematical distributions.
In this paper we explore a somewhat simpler case – the squark pair production in e+e−
collisions. We focus on a two body decay, q˜ → qχ, with q a light quark and χ a neutralino
(for earlier work see [21–23]). Emission of a hard gluon converts this to a three body decay,
q˜ → qgχ, qualitatively changing the kinematical distributions. Hard gluon emissions, on
the other hand, are relatively rare, suppressed by small coupling constant, αs . 0.09 for
mq˜ & 1 TeV. Most commonly the radiated gluons are either soft or collinear with the
outgoing quark, affecting the kinematical distributions in the end-point region where the
decay is almost two-body. Parameterizing the neutralino energy in the squark rest frame as
Eχ =
zM
2
+
m2χ
2zM
, (1)
the end-point region is given by z ∼ 1. Here M (mχ) is the squark (neutralino) mass, while
the dimensionless variable z takes values, z ∈ [mχ/M, 1]. Near the end-point the neutralino
is maximally boosted and z becomes close to 1.
The collinear and soft singularities of QCD contributions in the end-point regions lead
to large logarithms, L ∼ ln(1− z), in the calculation of the differential decay width, dΓ/dz.
Working to next-to-leading order (NLO) in αs, i.e., to O(αs), the Sudakov effects result
in large double logarithmic contributions of the form αsL
2. In order to obtain reliable
predictions, these logarithms need to be resummed to all orders in αs. At next-to-next-to-
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leading logarithmic (NNLL) accuracy the resummed decay width is given by
ln
dΓ
dz
= Lf0(αsL) + f1(αsL) + αsf2(αsL), (2)
with fi(. . .) dimensionless functions that are O(1), counting the large logarithms as L ∼
1/αs. This shows explicitly the dominance of the end-point region, where the first term
on the right-hand side (r.h.s.) is the leading contribution. Keeping just the first term
would give the result for decay width at leading logarithmic (LL) accuracy, obtained by
resumming the double logarithms in the perturbative expansion of the form exp(Lf0(αsL)) =∑
k=0 ak(αsL
2)k. The second and the third terms on the r.h.s. in Eq. (2), of NLL and NNLL
accuracy, then resum terms that are additionally suppressed by αs and α
2
s, respectively.
To resum the end-point logarithms we employ soft-collinear effective theory (SCET) [24–
26], which properly describes collinear and soft gluon radiation in the end-point region. The
squark decay near the end-point is governed by three distinct scales: hard (µH), jet (µJ),
and soft (µS) scales. For large mass splittings, M −mχ ∼ O(M), the hard scale µH can be
identified with µH ∼ M . The light quark together with radiated collinear gluons forms a
collimated jet, controlled by a typical scale µJ ∼M
√
1− z. Finally, the soft gluon radiations
arise at the scale µS ∼M(1− z).
The resummed differential decay width for q˜ → qχ can be schematically factorized as
dΓ
dz
= H(M,µF )J(M
√
1− z, µF )⊗ S(M(1− z), µF ), (3)
where H, J , and S are the hard, jet, and collinear functions, respectively. The ‘⊗’ denotes
the appropriate convolution over 1− z, while µF is the factorization scale. The decay width
is independent of the factorization scale, which means that µF can be chosen arbitrarily. In
general there will be large hierarchies between µF and µH,J,S, so that one needs to perform
renormalization group (RG) evolution for each of the H, J and S functions. These RG
evolutions in SCET automatically resum the large end-point logarithms.
Away from the end-point region, where 1 − z ∼ O(1), the differential rate is dominated
by hard gluon emissions from squark and quark lines, giving the event rate that is O(αs).
This is of the same order as the NNLL corrections in the end-point region and thus needs
to be kept in our expressions. We compute these contributions using fixed order calculation
at NLO in αs. We smoothly connect the two expressions, valid in the end-point region and
away from the end-point regions, giving our final result for the decay width distribution at
NNLL+NLO accuracy. We use the obtained expressions to perform a numerical study of the
impact of QCD corrections in e+e− → q˜q˜∗ events, using a weighted Monte-Carlo simulation.
To compare directly with the experiment our results for the decay widths will still need
to be supplemented with a resummation of soft and Coulomb gluon radiation contributions
connecting the two squarks, see Refs. [27, 28] for LHC. These are especially important for
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slowly moving squarks, i.e., at threshold productions, and can even lead to squark bound
states [27, 29–31].
The paper is structured as follows. In Section II, we introduce the necessary ingredi-
ents of the effective field theory (EFT) approach to the problem, that includes SCET and
heavy Scalar Effective Theory (HSET). The HSET describes soft fluctuations of the heavy
squark arising from soft gluon radiations. The HSET and SCET are then used to derive
the factorization theorem for the squark decay rate near end-point in Section III. The NLO
calculation of the decay width in the full kinematical range of z is obtained in Section IV.
Using our results that combine the resummed and fixed calculations, giving the NNLL+NLO
accuracy, we perform in Section V a phenomenological study of squark pair production in
e+e− annihilation, and then conclude in Section VI. Appendix A contains technical details
on ∆-distribution which has been used to regularize infrared (IR) divergences in the fixed
NLO calculation.
II. CONSTRUCTION OF EFFECTIVE THEORY LAGRANGIAN
We are interested in the squark decay, q˜ → qχ, where χ is the dark matter (DM) particle,
and how this is affected by QCD radiation. Near the end-point, χ and a collimated jet are
almost back-to-back in the squark rest frame. DM, χ, escapes detection and manifests itself
in the detector as missing energy. The quark interacts strongly – it radiates collinear gluons
and quark-antiquark pairs, which form a collimated jet. In addition, there is soft gluon
radiation in the event, which does not have a preferred direction.
As explained in the Introduction, the decay is governed by three distinct scales, µH ,
µJ , and µS. We use EFTs to deal with the hierarchies between the three scales and the
associated large logarithms. We first integrate out the hard interactions, where the relevant
hard scale, µH , is comparable to the squark mass M . At energy scales below µH we then
have only collinear and soft degrees of freedom. The light quark and the collinear gluon
describe collinear interactions for the collimated jet. Also the soft mode decoupled from
the collinear quark and the heavy squark describes soft gluon radiations near the end-point.
SCET is the appropriate EFT that describes collinear and soft modes and their interactions.
It provides a systematic way to decouple soft modes from the collinear field. This is very
useful when proving factorization in the end-point region. The interactions of heavy squark
are described by the HSET, which is obtained by integrating out the hard gluon modes
and the squark mass M . In the rest of this section we show how SCET and HSET are
constructed. The decay rate of the heavy squark is calculated in the subsequent section.
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A. Decay Lagrangian at the hard scale
We take χ to be a Majorana fermion. This is the case in the MSSM where χ is the
lightest supersymmetric particle (LSP) – assumed to be the lightest neutralino. The most
general Lagrangian describing a two-body decay of a color triplet scalar, q˜, to a quark, q,
and a Majorana fermion χ, is given by 1
Lint =
∑
L,R
Bi(µ)Oi(µ) + h.c. = BL(µ)
(
qLPRχ
)
q˜ +BR(µ)
(
qRPLχ
)
q˜ + h.c., (4)
where we are using the four-component notation with PL,R = (1∓ γ5)/2. The dimensionless
Wilson coefficients BL,R encode the new physics as well as strong interactions above the
hard scale µH ∼M . Our analysis applies to MSSM, but is also more general and applies to
any decays of the form q˜ → qχ, where q˜ is a color triplet scalar.
In the MSSM for each quark flavor there are two squarks, q˜1,2, so that the above La-
grangian modifies to
Lint =
∑
i=1,2
BLi(µ)
(
qLPRχ
)
q˜i +BRi(µ)
(
qRPLχ
)
q˜i + h.c.. (5)
The tree level expressions for the Wilson coefficients are, neglecting flavor violating effects,
BLi = CLLLq˜i + CLRRq˜i , BRi = CRLLq˜i + CRRRq˜i , (6)
with
CLL = −
√
2
[
gT q3N12 + g
′(Qq − T q3 )N11
]
, CRR =
√
2g′QqN∗11, (7)
CRL = C
∗
LR = −
√
2mq
(
N∗14δqu +N
∗
13δqd
)
/v, (8)
with g, g′ the weak and hypercharge gauge couplings, Qq the electric charge of quark q, and
T q3 the weak isospin, while Rq˜1 = L
∗
q˜2
= cos(θq˜), and Lq˜1 = −R∗q˜2 = sin(θq˜), with θq˜ the
mixing angle rotating the squark gauge eigenstates q˜R,L to mass eigenstates q˜1,2. The q˜R–q˜L
mixing is usually important only for the third generation squarks, while for the first two
generations gauge and mass eigenstates coincide, θq˜ = 0. The neutralino mixing matrix is
denoted by Nij. If LSP is mostly gaugino then N11,12  N13,14 and thus q˜L → qLχ and
q˜R → qRχ for the first two generations. For well-tempered neutralino, on the other hand,
all terms in (7),(8) may be important.
1 For a Dirac fermion χ there are two additional terms in (4), B′L(µ)
(
qLPRχ
c
)
q˜ and B′R(µ)
(
qRPLχ
c
)
q˜.
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B. EFTs for the end-point region
We restrict ourselves to the case where quark mass can be neglected compared to M . We
will work in the squark rest frame, so that its four-velocity vµ is given by vµ = (1,0). We
orient the coordinate system such that jet goes in the z direction, i.e., that, neglecting its
mass, it is on the light cone nµ = (1, 0, 0, 1). We also introduce the opposite light cone four-
vector n¯µ = (1, 0, 0,−1), so that n2 = n2 = 0, n ·n = 2 and pµq˜ = Mvµ = M(nµ +nµ)/2. We
will use light-cone coordinates, in which a four-momentum pµ is given by pµ = (n¯·p, p⊥, n·p).
The effective field theory to reproduce low energy physics in full QCD is obtained by
integrating hard degrees of freedom. For instance, the hard gluon exchanges between the
heavy squark and the light quark are integrated out. The Wilson coefficients BL,R in Eq. (4)
thus get modified to CL,R(µ) (see Eq. (13) below). The resultant EFT is valid at the scale
µ < µH ∼ M . And the remaining degrees of freedom in EFT are collinear and soft fields
scaling as pc = M(1, λ, λ
2) and ps = M(λ
2, λ2, λ2) respectively. Here λ is a small expansion
parameter in EFT. For the squark decay near end-point, λ is given as ∼ √1− z.
In the heavy squark sector, after integrating out hard fluctuations as well as heavy squark
mass M , the heavy squark only interacts with soft gluons. Then full QCD Lagrangian for
the heavy squark can be matched onto HSET Lagrangian,
LHSET = φ∗vv · iDsφv −
1
2M
φ∗vD
2
sφv +O(1/M2), (9)
where φv is the squark field in HSET,
q˜(x) =
1√
2M
e−iMv·xφv(x), (10)
The covariant derivative Dµs = ∂
µ − igAµ,as T a includes only the soft gluon field. The second
term in (9) is O(1/M) with a coefficient that is fixed by reparametrization invariance. We
work at leading order in 1/M expansion, and thus only keep the first term in (9).
The light quark field matches onto n-collinear field in SCET so that
q(x) =
∑
p˜
e−ip˜·xqn,p(x) =
∑
p˜
e−ip˜·x
(
ξn,p(x) + ξn,p(x)
)
, (11)
where
ξn,p(x) =
n/n/
4
qn,p(x), ξn,p(x) =
n/n/
4
qn,p(x), (12)
and thus n/ξn,p = n/ξn,p = 0. The summation is over large label momenta given by p˜
µ =
n · pnµ/2 + pµ⊥ that differ by soft fluctuations. The field ξn is suppressed by λ, and can be
ignored in our leading order (LO) analysis. The resultant LO SCET Lagrangian for collinear
fields can be found in, e.g., Ref. [25].
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The decay Lagrangian (4) matches onto the HSET+SCET effective decay Lagrangian,
appropriate for describing the squark decays in the end-point region,
Leffint =
[∑
p˜
CL(µ)√
2M
e−i(Mv−p˜)·x
(
ξ¯n,pWnPRχ
)
φv(x) + h.c.
]
+
[
L↔ R]
≡
∑
p˜
[
e−i(Mv−p˜)CL(µ)OL(x, µ) + h.c.
]
+
∑
p˜
[
e−i(Mv−p˜)CR(µ)OR(x, µ) + h.c.
]
,
(13)
In the sum only the p˜ that satisfy momentum conservation are selected. The hard gluon
exchanges are encoded in Wilson coefficients CL,R (obtained from BL,R in (4)), while collinear
gluons emitted from the heavy squark yield the collinear Wilson line
Wn(x) = P exp
(
ig
∫ x
−∞
dsn · Aan(snµ)T a
)
. (14)
Here Aµn is n-collinear gluon field and ‘P’ indicates the path-ordered integral.
To show the factorization of soft and collinear interactions it is useful to perform field
redefinitions, ξn → Ynξn, Aµn → YnAµnY †n , and φv → Yvφv [26], factoring out the soft Wilson
lines in the n and v directions, Yn,v,
Yv(x) = P exp
(
ig
∫ x
−∞
dsv · Aas(svµ)T a
)
, vµ = nµ, vµ. (15)
In the LO SCET and HSET Lagrangian the interactions between soft gluons and the re-
defined collinear fields, ξn, A
µ
n, and between the soft gluons and the heavy squark field φv,
drop out (that is, at LO there are no interactions between collinear and soft fields, and no
interactions between redefined heavy squark and soft fields). The effects of soft gluons are
thus moved into the effective decay Lagrangian, where they appear as a product of two soft
Wilson lines in n and v directions,
Leffint =
∑
i=L,R
∑
p˜
Ci(µ)e−i(Mv−p˜)·xOai χa + h.c., (16)
with
OaL,R(µ) =
1√
2M
(
ξ¯n,pWnPR,L
)a
Y †nYvφv(x). (17)
In Eq. (16) a summation over Dirac four-component index a is implied. From now on we
will use the form of EFT Lagrangian given in Eq. (16), i.e., with ξn, A
µ
n and φv denoting
the redefined fields that do not couple to soft gluons and quarks at LO.
III. DIFFERENTIAL DECAY RATE AT THE END-POINT
The total decay rate for q˜ → χ0qL averaged over the squark color is
Γ(q˜ → χ0qL) = 1
2M
∫
d3pχ
(2pi)3
1
2Eχ
TL(Eχ,mχ,M), (18)
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where TL(Eχ,mχ,M) is related to the matrix elements squared for squark decays into left-
handed quarks
TL(Eχ,mχ,M) =
∑
X
(2pi)4δ(p− pχ − pX)|ML|2. (19)
Explicitly, the matrix elements squared are
|ML|2 = |BL(µ)|2〈q˜|q˜∗α(PLqα)a|X〉〈X|(q¯βPR)bq˜β|q˜〉(p/χ −mχ)ba, (20)
with the summation over color indices, α, β, and Lorentz indices, a, b implied. We do not
show color index of squark external state: we always consider color-averaged initial states,
hence 〈q˜| · · · |q˜〉 = 〈q˜α| · · · |q˜α〉/Nc in our convention. Note that in Eq. (20) we already
used the fact that neutralinos are not charged under QCD and thus only contribute as∑
spin ubu¯a = (p/χ −mχ)ba. For q˜ → χ0qR decays the same results apply, but with L ↔ R.
The interference terms between the two decays are mq/M suppressed and can be safely
neglected.
At tree level the decay rate is given by
Γ(0)(q˜ → χ0qL) = |BL|
2
16pi
M(1− rχ)2, (21)
with
rχ = m
2
χ/M
2 . (22)
A. Factorization theorem near the end-point
We start by reviewing the decay kinematics near the end-point, where in the final states
we have an energetic neutralino and a collimated jet as well as soft gluons. Following Eq. (1),
we define the kinematic variable
z =
n · pχ
M
, (23)
in terms of which the neutralino and other final states momenta are given by
pµχ =
M
2
(rχ
z
nµ + znµ
)
, pX ≡ pµJ + pµS =
M
2
[(
1− rχ
z
)
nµ +
(
1− z)nµ]. (24)
Here z can take values z ∈ [√rχ, 1] (we oriented the coordinate system such that ~pχ is
always along negative z-axis, while ~pX is along positive z-axis). The missing energy is
Eχ = v · pχ = (rχ/z + z)M/2, and therefore one can use z and Eχ interchangeably. The
invariant mass of the collinear and soft final states is p2X = M
2(1− rχ/z)(1− z). The limit
of a very collimated jet, p2X → 0, is thus obtained in the limit z → 1.
In the end-point region, 1 − z  1, we can apply the HSET and SCET formalism,
introduced in the previous section. The differential rate is
dΓ(q˜ → χ0qL)
dEχ
=
(E2χ − p2χ)1/2
8pi2M
TL(Eχ,mχ,M), (25)
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with TL =
∑
X(2pi)
4δ(p− pχ − pX)|ML|2, where |ML|2 is calculated in HSET+SCET,
|ML|2 = 2M |CL(µ)|2〈φv|O†L,a|X〉〈X|OL,b|φv〉(p/χ −mχ)ba +O(1/M). (26)
The EFT operators OL,R are given in Eq. (17), and |q˜〉 =
√
2M |φv〉 up to 1/M corrections.
The Wilson coefficients CL,R can be decomposed into
CL,R = BL,R × CL,R, (27)
where BL,R are the unknown new physics Wilson coefficients in Eq. (4) and CL,R are the
Wilson coefficients as a result of integrating out the squark mass M and the hard gluon
exchanges between squark and quark. The NLO matching onto HSET+SCET has been
performed in Section III B, with the result for CL,R given in Eq. (36).
In the remainder of this section we use the operator production expansion (OPE) to
arrive at a more practically useful expression for TL. We first use the completeness relation,∑
X |X〉〈X| = 1, to rewrite TL as (neglecting O(1/M) corrections)
TL = 2M |CL(M,mχ, µ)|2
∫
d4y ei(Mv−pχ−p˜c)·y(p/χ −mχ)ba〈φv|O†L,a(y)OL,b(0)|φv〉. (28)
The large label momentum p˜c is the n
µ-component of pµX , given in Eq. (24). The phase in
(28) is therefore equal to
Mvµ − pµχ − p˜µc = M(1− z)nµ/2, (29)
so that
TL(Eχ,mχ,M) = zM2|CL(M,mχ, µ)|2
∫
d4yeiM(1−z)y−/2
× 〈0|(Y †nYv)αβ(y)(W †nPLξn(y))βa (ξ¯nPRn¯/Wn)γa(0)(YnY †v )γα(0)|0〉,
(30)
where we used the shorthand notation y− = n · y (y+ = n · y) and that φαv |φβv 〉 = δαβ.
The collinear field ξn describes an inclusive jet in n-direction. The corresponding jet
function is defined as
〈0|(W †nξn,p(y))αa (ξ¯nWn,p)βb (0)|0〉 = δαβ
(n/
2
)
ab
∫
d4k
(2pi)3
e−ik·yJn(k+;n · p˜)
= δαβ
(n/
2
)
ab
δ(y+)δ(y⊥)
∫
dk+e
−ik+y−/2Jn(k+;n · p˜).
(31)
At LO in αs the jet function is simply J
(0)
n = δ(k+).
The product of Wilson lines in Eq. (30) forms the soft function S(l+), defined as
S(l+, µ) = Tr〈0|Y †v Ynδ(l+ + n · i∂)Y †nYv|0〉, (32)
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so that its Fourier transform is
Tr〈0|Y †v Yn(y−)Y †nYv(0)|0〉 =
∫
dl+e
−il+y−/2S(l+). (33)
The expression for TL in Eq. (30) can therefore be written as the convolution of the soft
function, Eq. (33), and the jet function, Eq. (31),
TL(z,mχ,M) = 4pi|CL(M,mχ, µ)|2zM2
∫
dl+S(l+, µ)Jn
(
M(1− z)− l+, µ;M(1− rχ/z)
)
.
(34)
Collecting all the terms, the differential decay rate dΓ/dz in the z → 1 limit can thus be
written as
dΓ
dz
(q˜ → χ0XqL) =
M2
16pi
|CL(M,x, µ)|2
(
z − rχ
z
)2
×
∫
dl+Jn
(
M(1− z)− l+, µ;M(1− rχ/z)
)
S(l+, µ),
(35)
where the large momentum, M(1 − rχ/z), in the jet function can be further simplified to
M(1− rχ), neglecting O(1− z) corrections.
The factorization formula (35) is similar to the one for B → Xsγ [24, 26, 32]. The
main difference are the hard interactions. An another difference is that the soft function in
the q˜ → χq decay would be treated perturbatively. For the squark mass M & O(1TeV),
the typical soft scale µS ∼ M(1 − z) would be of a few tens of GeV, and it is much
larger than the hadronic scale ΛQCD . 1 GeV. Unlike B → Xsγ, where the predictions in
the end-point region are given in terms of the nonperturbative B meson shape functions,
the nonperturbative physics here affects only a very tiny region of phase space less than
1− z ∼ O(ΛQCD/M) ∼ 10−3, and can thus be ignored.
B. Radiative Corrections
We now return to the calculation of CL,R in Eq. (27). At scale µ ∼ M , we need
to integrate out the heavy squark mass M and the hard gluon fluctuations of order M ,
matching onto HSET+SCET. For this we match QCD calculations in αs for the effective
operators in full QCD (Eq. (4)) and ones in SCET+HSET (Eq. (13)). And we obtain the
Wilson coefficients CL,R at the higher order in αs. At tree level the matching is trivial,
resulting in CL,R = 1.
For NLO results of CL,R we compute Feynman diagrams shown in Fig. 1 and self energy
diagrams at one loop. Throughout this paper, we employ dimensional regularization in the
MS scheme with D = 4− 2 in order to handle ultraviolet (UV) singularity. As a result we
11
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<latexit sha1_base64="K9qnV v01Zuj0g113EPepEg3WQy8=">AAAFu3icdZTNbhMxEMfd0kAJXy0 cuSxElTiVbIUEF6QKLhyDRD+kbBTNer2JW9trbG8gbP0OXOHCc/E 22JttmvUWR7FG8/95xh7POpWMajMc/t3avrPTu3tv937/wcNHj5/ s7T891UWpMDnBBSvUeQqaMCrIiaGGkXOpCPCUkbP08qPXzxZEaVq IL2YpyYTDTNCcYjDOdZrIOZ0upnuD4eGwHlHXiBtjgJoxmu7v/Em yApecCIMZaD2Oh9JMKlCGYkZsPyk1kYAvYUbGzhTAiZ5U9XZtdOA 8WZQXyv2FiWrv5ooKuNZLnjqSg5nrUPPO27RxafJ3k4oKWRoi8Cp RXrLIFJE/e5RRRbBhS2cAVtTtNcJzUICNq1C/f7CZRwJzJRKFbbt JyYha8MDrtyLhRwjL7/6A2vb7iSDfcME5iKxKcq7tOJ5U1SC2yQv /e207BAuQGmpTHFs3udQYWBCAq0ZSPFRGN4uqkQ1jpsT6aUZFRb6 WdZNYG7UZ4hnirP8SKYGNMAKUguUtYWAd5wZpM8XC+oko39/BSaS TJFEycGc+agazGVGBIjZiVW7Tgerl3DVDXf42aaujzvZFsEBcU0E pmotM0txfZpg1ZVDrV2vgqkPIdoRpc+wuF4a6JjshV/2XpAXL/Id WsBoPoXXeNnaTPyi89oWnWjJYarN0z0CnYqkjRCFKnrrLCSsFfj0 wOYep7ohEetXNlLl+CwIvVuoC1BpwT1ocPmBd4/ToMHb25zeD4w/ N47aLnqOX6BWK0Vt0jD6hETpBGF2gn+gX+t1738O9ix5bodtbzZp nqDV65T+vXQ2A</latexit><latexit sha1_base64="K9qnV v01Zuj0g113EPepEg3WQy8=">AAAFu3icdZTNbhMxEMfd0kAJXy0 cuSxElTiVbIUEF6QKLhyDRD+kbBTNer2JW9trbG8gbP0OXOHCc/E 22JttmvUWR7FG8/95xh7POpWMajMc/t3avrPTu3tv937/wcNHj5/ s7T891UWpMDnBBSvUeQqaMCrIiaGGkXOpCPCUkbP08qPXzxZEaVq IL2YpyYTDTNCcYjDOdZrIOZ0upnuD4eGwHlHXiBtjgJoxmu7v/Em yApecCIMZaD2Oh9JMKlCGYkZsPyk1kYAvYUbGzhTAiZ5U9XZtdOA 8WZQXyv2FiWrv5ooKuNZLnjqSg5nrUPPO27RxafJ3k4oKWRoi8Cp RXrLIFJE/e5RRRbBhS2cAVtTtNcJzUICNq1C/f7CZRwJzJRKFbbt JyYha8MDrtyLhRwjL7/6A2vb7iSDfcME5iKxKcq7tOJ5U1SC2yQv /e207BAuQGmpTHFs3udQYWBCAq0ZSPFRGN4uqkQ1jpsT6aUZFRb6 WdZNYG7UZ4hnirP8SKYGNMAKUguUtYWAd5wZpM8XC+oko39/BSaS TJFEycGc+agazGVGBIjZiVW7Tgerl3DVDXf42aaujzvZFsEBcU0E pmotM0txfZpg1ZVDrV2vgqkPIdoRpc+wuF4a6JjshV/2XpAXL/Id WsBoPoXXeNnaTPyi89oWnWjJYarN0z0CnYqkjRCFKnrrLCSsFfj0 wOYep7ohEetXNlLl+CwIvVuoC1BpwT1ocPmBd4/ToMHb25zeD4w/ N47aLnqOX6BWK0Vt0jD6hETpBGF2gn+gX+t1738O9ix5bodtbzZp nqDV65T+vXQ2A</latexit><latexit sha1_base64="K9qnV v01Zuj0g113EPepEg3WQy8=">AAAFu3icdZTNbhMxEMfd0kAJXy0 cuSxElTiVbIUEF6QKLhyDRD+kbBTNer2JW9trbG8gbP0OXOHCc/E 22JttmvUWR7FG8/95xh7POpWMajMc/t3avrPTu3tv937/wcNHj5/ s7T891UWpMDnBBSvUeQqaMCrIiaGGkXOpCPCUkbP08qPXzxZEaVq IL2YpyYTDTNCcYjDOdZrIOZ0upnuD4eGwHlHXiBtjgJoxmu7v/Em yApecCIMZaD2Oh9JMKlCGYkZsPyk1kYAvYUbGzhTAiZ5U9XZtdOA 8WZQXyv2FiWrv5ooKuNZLnjqSg5nrUPPO27RxafJ3k4oKWRoi8Cp RXrLIFJE/e5RRRbBhS2cAVtTtNcJzUICNq1C/f7CZRwJzJRKFbbt JyYha8MDrtyLhRwjL7/6A2vb7iSDfcME5iKxKcq7tOJ5U1SC2yQv /e207BAuQGmpTHFs3udQYWBCAq0ZSPFRGN4uqkQ1jpsT6aUZFRb6 WdZNYG7UZ4hnirP8SKYGNMAKUguUtYWAd5wZpM8XC+oko39/BSaS TJFEycGc+agazGVGBIjZiVW7Tgerl3DVDXf42aaujzvZFsEBcU0E pmotM0txfZpg1ZVDrV2vgqkPIdoRpc+wuF4a6JjshV/2XpAXL/Id WsBoPoXXeNnaTPyi89oWnWjJYarN0z0CnYqkjRCFKnrrLCSsFfj0 wOYep7ohEetXNlLl+CwIvVuoC1BpwT1ocPmBd4/ToMHb25zeD4w/ N47aLnqOX6BWK0Vt0jD6hETpBGF2gn+gX+t1738O9ix5bodtbzZp nqDV65T+vXQ2A</latexit><latexit sha1_base64="K9qnV v01Zuj0g113EPepEg3WQy8=">AAAFu3icdZTNbhMxEMfd0kAJXy0 cuSxElTiVbIUEF6QKLhyDRD+kbBTNer2JW9trbG8gbP0OXOHCc/E 22JttmvUWR7FG8/95xh7POpWMajMc/t3avrPTu3tv937/wcNHj5/ s7T891UWpMDnBBSvUeQqaMCrIiaGGkXOpCPCUkbP08qPXzxZEaVq IL2YpyYTDTNCcYjDOdZrIOZ0upnuD4eGwHlHXiBtjgJoxmu7v/Em yApecCIMZaD2Oh9JMKlCGYkZsPyk1kYAvYUbGzhTAiZ5U9XZtdOA 8WZQXyv2FiWrv5ooKuNZLnjqSg5nrUPPO27RxafJ3k4oKWRoi8Cp RXrLIFJE/e5RRRbBhS2cAVtTtNcJzUICNq1C/f7CZRwJzJRKFbbt JyYha8MDrtyLhRwjL7/6A2vb7iSDfcME5iKxKcq7tOJ5U1SC2yQv /e207BAuQGmpTHFs3udQYWBCAq0ZSPFRGN4uqkQ1jpsT6aUZFRb6 WdZNYG7UZ4hnirP8SKYGNMAKUguUtYWAd5wZpM8XC+oko39/BSaS TJFEycGc+agazGVGBIjZiVW7Tgerl3DVDXf42aaujzvZFsEBcU0E pmotM0txfZpg1ZVDrV2vgqkPIdoRpc+wuF4a6JjshV/2XpAXL/Id WsBoPoXXeNnaTPyi89oWnWjJYarN0z0CnYqkjRCFKnrrLCSsFfj0 wOYep7ohEetXNlLl+CwIvVuoC1BpwT1ocPmBd4/ToMHb25zeD4w/ N47aLnqOX6BWK0Vt0jD6hETpBGF2gn+gX+t1738O9ix5bodtbzZp nqDV65T+vXQ2A</latexit>
⇠n,L(R)
<latexit sha1_base64="z1Vnfi5SglnmlwNLFVZSAjbae2A=">AAAFwXicdZTNbhMx EMfd0kAJXy0cuSxElYqESrZCgmNFLxw4BEQ/pGwUzXqd1KrtNbY3NGz9GlzLa/E22JttkvUWR7FG8/95xh7POpWMatPv/93YvLfVuf9g+2H30eMnT5/t7D4/1XmhMDnBOcvVeQ qaMCrIiaGGkXOpCPCUkbP08tjrZzOiNM3FdzOXZMRhKuiEYjDOlSRXdFyKt1/2v72x451e/6BfjahtxLXRQ/UYjHe3bpIsxwUnwmAGWg/jvjSjEpShmBHbTQpNJOBLmJKhMwVw okdltWkb7TlPFk1y5f7CRJV3fUUJXOs5Tx3JwVzoUPPOu7RhYSYfRyUVsjBE4EWiScEik0e+AlFGFcGGzZ0BWFG31whfgAJsXJ263b31PBKYK5TIbdNNCkbUjAdevxUJv0JYXvk DatvtJoL8xDnnILIymXBth/GoLHuxTV753zvbIliAVFCT4ti6yaXGwIIAXNWS4qEyWC0qBzaMmRLrpykVJflRVK1ibdRkiGeIs/5LpATWwghQCuZ3hIFlnBXSZPKZ9RNRvsuDk 0gnSaJk4M581AymU6ICRazFKt2mA9XLE9cMVfmbpC0PW9sXwQJxSwWlqC8ySSf+MsOsKYNKv14C1y1CNiOM62O3uTDULdkKuei/JM1Z5j+0nFV4CC3zNrFV/qDw2heeaslgrs3 cPQOtiqWOELkoeOouJ6wU+PXA5AWMdUsk0qtupsz1WxB4tlBnoJaAe9Li8AFrG6eHB7Gzv77vHX2qH7dt9BK9RvsoRh/QEfqMBugEYSTRb3SD/nSOO7QjO2qBbm7Ua16gxuiU/ wCW2Q9n</latexit><latexit sha1_base64="z1Vnfi5SglnmlwNLFVZSAjbae2A=">AAAFwXicdZTNbhMx EMfd0kAJXy0cuSxElYqESrZCgmNFLxw4BEQ/pGwUzXqd1KrtNbY3NGz9GlzLa/E22JttkvUWR7FG8/95xh7POpWMatPv/93YvLfVuf9g+2H30eMnT5/t7D4/1XmhMDnBOcvVeQ qaMCrIiaGGkXOpCPCUkbP08tjrZzOiNM3FdzOXZMRhKuiEYjDOlSRXdFyKt1/2v72x451e/6BfjahtxLXRQ/UYjHe3bpIsxwUnwmAGWg/jvjSjEpShmBHbTQpNJOBLmJKhMwVw okdltWkb7TlPFk1y5f7CRJV3fUUJXOs5Tx3JwVzoUPPOu7RhYSYfRyUVsjBE4EWiScEik0e+AlFGFcGGzZ0BWFG31whfgAJsXJ263b31PBKYK5TIbdNNCkbUjAdevxUJv0JYXvk DatvtJoL8xDnnILIymXBth/GoLHuxTV753zvbIliAVFCT4ti6yaXGwIIAXNWS4qEyWC0qBzaMmRLrpykVJflRVK1ibdRkiGeIs/5LpATWwghQCuZ3hIFlnBXSZPKZ9RNRvsuDk 0gnSaJk4M581AymU6ICRazFKt2mA9XLE9cMVfmbpC0PW9sXwQJxSwWlqC8ySSf+MsOsKYNKv14C1y1CNiOM62O3uTDULdkKuei/JM1Z5j+0nFV4CC3zNrFV/qDw2heeaslgrs3 cPQOtiqWOELkoeOouJ6wU+PXA5AWMdUsk0qtupsz1WxB4tlBnoJaAe9Li8AFrG6eHB7Gzv77vHX2qH7dt9BK9RvsoRh/QEfqMBugEYSTRb3SD/nSOO7QjO2qBbm7Ua16gxuiU/ wCW2Q9n</latexit><latexit sha1_base64="z1Vnfi5SglnmlwNLFVZSAjbae2A=">AAAFwXicdZTNbhMx EMfd0kAJXy0cuSxElYqESrZCgmNFLxw4BEQ/pGwUzXqd1KrtNbY3NGz9GlzLa/E22JttkvUWR7FG8/95xh7POpWMatPv/93YvLfVuf9g+2H30eMnT5/t7D4/1XmhMDnBOcvVeQ qaMCrIiaGGkXOpCPCUkbP08tjrZzOiNM3FdzOXZMRhKuiEYjDOlSRXdFyKt1/2v72x451e/6BfjahtxLXRQ/UYjHe3bpIsxwUnwmAGWg/jvjSjEpShmBHbTQpNJOBLmJKhMwVw okdltWkb7TlPFk1y5f7CRJV3fUUJXOs5Tx3JwVzoUPPOu7RhYSYfRyUVsjBE4EWiScEik0e+AlFGFcGGzZ0BWFG31whfgAJsXJ263b31PBKYK5TIbdNNCkbUjAdevxUJv0JYXvk DatvtJoL8xDnnILIymXBth/GoLHuxTV753zvbIliAVFCT4ti6yaXGwIIAXNWS4qEyWC0qBzaMmRLrpykVJflRVK1ibdRkiGeIs/5LpATWwghQCuZ3hIFlnBXSZPKZ9RNRvsuDk 0gnSaJk4M581AymU6ICRazFKt2mA9XLE9cMVfmbpC0PW9sXwQJxSwWlqC8ySSf+MsOsKYNKv14C1y1CNiOM62O3uTDULdkKuei/JM1Z5j+0nFV4CC3zNrFV/qDw2heeaslgrs3 cPQOtiqWOELkoeOouJ6wU+PXA5AWMdUsk0qtupsz1WxB4tlBnoJaAe9Li8AFrG6eHB7Gzv77vHX2qH7dt9BK9RvsoRh/QEfqMBugEYSTRb3SD/nSOO7QjO2qBbm7Ua16gxuiU/ wCW2Q9n</latexit><latexit sha1_base64="z1Vnfi5SglnmlwNLFVZSAjbae2A=">AAAFwXicdZTNbhMx EMfd0kAJXy0cuSxElYqESrZCgmNFLxw4BEQ/pGwUzXqd1KrtNbY3NGz9GlzLa/E22JttkvUWR7FG8/95xh7POpWMatPv/93YvLfVuf9g+2H30eMnT5/t7D4/1XmhMDnBOcvVeQ qaMCrIiaGGkXOpCPCUkbP08tjrZzOiNM3FdzOXZMRhKuiEYjDOlSRXdFyKt1/2v72x451e/6BfjahtxLXRQ/UYjHe3bpIsxwUnwmAGWg/jvjSjEpShmBHbTQpNJOBLmJKhMwVw okdltWkb7TlPFk1y5f7CRJV3fUUJXOs5Tx3JwVzoUPPOu7RhYSYfRyUVsjBE4EWiScEik0e+AlFGFcGGzZ0BWFG31whfgAJsXJ263b31PBKYK5TIbdNNCkbUjAdevxUJv0JYXvk DatvtJoL8xDnnILIymXBth/GoLHuxTV753zvbIliAVFCT4ti6yaXGwIIAXNWS4qEyWC0qBzaMmRLrpykVJflRVK1ibdRkiGeIs/5LpATWwghQCuZ3hIFlnBXSZPKZ9RNRvsuDk 0gnSaJk4M581AymU6ICRazFKt2mA9XLE9cMVfmbpC0PW9sXwQJxSwWlqC8ySSf+MsOsKYNKv14C1y1CNiOM62O3uTDULdkKuei/JM1Z5j+0nFV4CC3zNrFV/qDw2heeaslgrs3 cPQOtiqWOELkoeOouJ6wU+PXA5AWMdUsk0qtupsz1WxB4tlBnoJaAe9Li8AFrG6eHB7Gzv77vHX2qH7dt9BK9RvsoRh/QEfqMBugEYSTRb3SD/nSOO7QjO2qBbm7Ua16gxuiU/ wCW2Q9n</latexit>
OL(R)
<latexit sha1_base64="KDUiqz9t8P3eOS6/HPks1oPutt8=">AAAFwnicdZTfb 9MwEMe9scIovzZ45CVQTRovo5mQ4HECHnhAoiC6TWqq6uI4XTbb8WynUDL/HTwCfxb/DXaatY0zXNU63ffjO/t8cSxopnS//3dj89ZW5/ad7bvde/cfPHy0s/v4WOWFxGS Ic5rL0xgUoRknQ51pSk6FJMBiSk7ii3dOP5kRqbKcf9VzQcYMpjxLMwzausYRw+UnMyk/7n95YSY7vf5BvxpB2whro4fqMZjsbv2KkhwXjHCNKSg1CvtCj0uQOsOUmG5UK CIAX8CUjKzJgRE1Lqtdm2DPepIgzaX9cx1U3vUVJTCl5iy2JAN9pnzNOW/SRoVO34zLjItCE44XidKCBjoPXAmCJJMEazq3BmCZ2b0G+AwkYG0L1e3urecRQG2leG6ablJ QImfM87qtCPjhw+K7O6Ay3W7EyTecMwY8KaOUKTMKx2XZC030zP1emhZBPaSCmhTDxk42NQbqBWCyliTzlcFqUTkwfsyYGDdNM16Sy6LqFWOCJkMcQ6z1XyImsBaGg5Qwv yEMLOOskCaTz4ybiHRt7p1EWEkQKTx34qImMJ0S6Sl8LVZpN+2pTk5tM1Tlb5KmPGxtn3sL+DXllaK+yChO3WX6WWMKlX61BK5ahGhGmNTHbnN+qGuyFXLRf1Gc08R9aD mtcB9a5m1iq/xe4ZUrfKYEhbnSc/sMtCoWW4LnvGCxvRy/UuDWAxVnMFEtkQin2jmjtt+8wLOFOgO5BOyTFvoPWNs4PjwIrf35Ve/obf24baOn6DnaRyF6jY7QBzRAQ4TR JfqJfqM/nfed885lRy3QzY16zRPUGJ2rfwNvEA0=</latexit><latexit sha1_base64="KDUiqz9t8P3eOS6/HPks1oPutt8=">AAAFwnicdZTfb 9MwEMe9scIovzZ45CVQTRovo5mQ4HECHnhAoiC6TWqq6uI4XTbb8WynUDL/HTwCfxb/DXaatY0zXNU63ffjO/t8cSxopnS//3dj89ZW5/ad7bvde/cfPHy0s/v4WOWFxGS Ic5rL0xgUoRknQ51pSk6FJMBiSk7ii3dOP5kRqbKcf9VzQcYMpjxLMwzausYRw+UnMyk/7n95YSY7vf5BvxpB2whro4fqMZjsbv2KkhwXjHCNKSg1CvtCj0uQOsOUmG5UK CIAX8CUjKzJgRE1Lqtdm2DPepIgzaX9cx1U3vUVJTCl5iy2JAN9pnzNOW/SRoVO34zLjItCE44XidKCBjoPXAmCJJMEazq3BmCZ2b0G+AwkYG0L1e3urecRQG2leG6ablJ QImfM87qtCPjhw+K7O6Ay3W7EyTecMwY8KaOUKTMKx2XZC030zP1emhZBPaSCmhTDxk42NQbqBWCyliTzlcFqUTkwfsyYGDdNM16Sy6LqFWOCJkMcQ6z1XyImsBaGg5Qwv yEMLOOskCaTz4ybiHRt7p1EWEkQKTx34qImMJ0S6Sl8LVZpN+2pTk5tM1Tlb5KmPGxtn3sL+DXllaK+yChO3WX6WWMKlX61BK5ahGhGmNTHbnN+qGuyFXLRf1Gc08R9aD mtcB9a5m1iq/xe4ZUrfKYEhbnSc/sMtCoWW4LnvGCxvRy/UuDWAxVnMFEtkQin2jmjtt+8wLOFOgO5BOyTFvoPWNs4PjwIrf35Ve/obf24baOn6DnaRyF6jY7QBzRAQ4TR JfqJfqM/nfed885lRy3QzY16zRPUGJ2rfwNvEA0=</latexit><latexit sha1_base64="KDUiqz9t8P3eOS6/HPks1oPutt8=">AAAFwnicdZTfb 9MwEMe9scIovzZ45CVQTRovo5mQ4HECHnhAoiC6TWqq6uI4XTbb8WynUDL/HTwCfxb/DXaatY0zXNU63ffjO/t8cSxopnS//3dj89ZW5/ad7bvde/cfPHy0s/v4WOWFxGS Ic5rL0xgUoRknQ51pSk6FJMBiSk7ii3dOP5kRqbKcf9VzQcYMpjxLMwzausYRw+UnMyk/7n95YSY7vf5BvxpB2whro4fqMZjsbv2KkhwXjHCNKSg1CvtCj0uQOsOUmG5UK CIAX8CUjKzJgRE1Lqtdm2DPepIgzaX9cx1U3vUVJTCl5iy2JAN9pnzNOW/SRoVO34zLjItCE44XidKCBjoPXAmCJJMEazq3BmCZ2b0G+AwkYG0L1e3urecRQG2leG6ablJ QImfM87qtCPjhw+K7O6Ay3W7EyTecMwY8KaOUKTMKx2XZC030zP1emhZBPaSCmhTDxk42NQbqBWCyliTzlcFqUTkwfsyYGDdNM16Sy6LqFWOCJkMcQ6z1XyImsBaGg5Qwv yEMLOOskCaTz4ybiHRt7p1EWEkQKTx34qImMJ0S6Sl8LVZpN+2pTk5tM1Tlb5KmPGxtn3sL+DXllaK+yChO3WX6WWMKlX61BK5ahGhGmNTHbnN+qGuyFXLRf1Gc08R9aD mtcB9a5m1iq/xe4ZUrfKYEhbnSc/sMtCoWW4LnvGCxvRy/UuDWAxVnMFEtkQin2jmjtt+8wLOFOgO5BOyTFvoPWNs4PjwIrf35Ve/obf24baOn6DnaRyF6jY7QBzRAQ4TR JfqJfqM/nfed885lRy3QzY16zRPUGJ2rfwNvEA0=</latexit><latexit sha1_base64="KDUiqz9t8P3eOS6/HPks1oPutt8=">AAAFwnicdZTfb 9MwEMe9scIovzZ45CVQTRovo5mQ4HECHnhAoiC6TWqq6uI4XTbb8WynUDL/HTwCfxb/DXaatY0zXNU63ffjO/t8cSxopnS//3dj89ZW5/ad7bvde/cfPHy0s/v4WOWFxGS Ic5rL0xgUoRknQ51pSk6FJMBiSk7ii3dOP5kRqbKcf9VzQcYMpjxLMwzausYRw+UnMyk/7n95YSY7vf5BvxpB2whro4fqMZjsbv2KkhwXjHCNKSg1CvtCj0uQOsOUmG5UK CIAX8CUjKzJgRE1Lqtdm2DPepIgzaX9cx1U3vUVJTCl5iy2JAN9pnzNOW/SRoVO34zLjItCE44XidKCBjoPXAmCJJMEazq3BmCZ2b0G+AwkYG0L1e3urecRQG2leG6ablJ QImfM87qtCPjhw+K7O6Ay3W7EyTecMwY8KaOUKTMKx2XZC030zP1emhZBPaSCmhTDxk42NQbqBWCyliTzlcFqUTkwfsyYGDdNM16Sy6LqFWOCJkMcQ6z1XyImsBaGg5Qwv yEMLOOskCaTz4ybiHRt7p1EWEkQKTx34qImMJ0S6Sl8LVZpN+2pTk5tM1Tlb5KmPGxtn3sL+DXllaK+yChO3WX6WWMKlX61BK5ahGhGmNTHbnN+qGuyFXLRf1Gc08R9aD mtcB9a5m1iq/xe4ZUrfKYEhbnSc/sMtCoWW4LnvGCxvRy/UuDWAxVnMFEtkQin2jmjtt+8wLOFOgO5BOyTFvoPWNs4PjwIrf35Ve/obf24baOn6DnaRyF6jY7QBzRAQ4TR JfqJfqM/nfed885lRy3QzY16zRPUGJ2rfwNvEA0=</latexit>
qL(R)
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FIG. 1. One loop diagrams for matching between full QCD (a) and SCET+HSET (b). Here
OL(R) =
(
qL(R)PR(L)χ
)
q˜ and OL(R) =
(
ξ¯n,L(R)WnPR(L)χ
)
φv. In diagrams (b), the first (second)
diagram is for collinear (soft) gluon exchange. Self energy diagrams are also needed for the matching
process.
obtain
CL,R(M, rχ, µ) =1 +
αs
4pi
CF
[
−
(9
4
+
pi2
12
+ ln
µ2
M2
+
1
2
ln2
µ2
M2
)
+ 2 ln(1− rχ)
(
1 + ln
µ2
M2
)
− ln2(1− rχ) + 2 Li2
( rχ
rχ − 1
)]
.
(36)
Here Li2(x) is the dilogarithm function. The anomalous dimensions for CL,R are given
γC =
µ
CL,R(µ)
d
dµ
CL,R(µ) = −αs
2pi
CF
(
1 + ln
µ2
M2(1− rχ)2
)
+O(α2s). (37)
Note that full Wilson coefficients CL,R = BL,RCL,R involve the unknown new physics
Wilson coefficients BL,R. But, since the effective interaction Lagrangian in (13) should be
scale invariant, we can compute γCL,R by considering the renormalization behavior of the
effective operators OL,R in SCET+HSET. The relation between the bare and renormalized
effective operators can be written as ZL,RO ORL,R = Z1/2φv Z
1/2
ξ OBL,R. Here,
Zφv = 1 + αsCF/(2pi), and Zξ = 1− αsCF/(4pi), (38)
are the wave function renormalizations for the heavy squark and the collinear quark fields
respectively. Computing the one loop diagrams in Fig. 1-(b) gives
ZLO = Z
R
O = 1 +
αs
4pi
CF
[
1
2
+
1

(5
2
+ ln
µ2
(n · p)2(n · v)2
)]
, (39)
where n · p is the large momentum component for the quark and equals n · p = M(1 − rχ)
in the z → 1 limit, while n · v = 1 in the squark rest frame. From Eq. (39) we obtain
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the anomalous dimension for CL,R satisfying the RG equation, d/(d lnµ)CL,R = γC CL,R, as
follows
γC =
(
µ
∂
∂µ
+
∂
∂g
)
lnZL,RO = −
αs
2pi
CF
(5
2
+ ln
µ2
M2(1− rχ)2
)
. (40)
Since CL,R = BL,RCL,R, from Eqs. (37) and (40) the anomalous dimensions for the unknown
BL,R are obtained as
γB =
µ
BL,R(µ)
d
dµ
BL,R(µ) = −3αs
4pi
CF +O(α2s). (41)
In order to employ the standard plus distribution for the radiative corrections in Eq.
(35), it is convenient to introduce dimensionless jet and soft functions,
J¯n(x, µ;M(1− rχ)) = yMJn(M(1− z)− l+, µ;M(1− rχ)) (42)
S¯(y, µ) = MS(l+, µ), (43)
where y is related to l+ through
l+ = M(1− y), while x = z/y. (44)
The two new variables are defined in the interval z ≤ x, y ≤ 1. The limit of soft momenta in
the soft function corresponds to y → 1. In terms of the dimensionless jet and soft functions,
the differential decay rate in Eq. (35) can be rewritten as
dΓ
dz
(q˜ → χ0XqL) =
M
16pi
(
z− rχ
z
)2
|CL(M, rχ, µ)|2
∫ 1
z
dx
x
J¯n
(
x, µ;M(1−rχ))
)
S¯(z/x, µ). (45)
We computed the jet and the soft functions at next-to-leading order (NLO) in αs, and
the results read [32, 33]
J¯n(x, µ) =δ(1− x) + αs
2pi
CF
{
δ(1− x)
[
7
2
− pi
2
2
+
3
2
ln
µ2
Q2
+ ln2
µ2
Q2
]
− 1
(1− x)+
[
2 ln
µ2
Q2
+
3
2
]
+ 2
(
ln(1− x)
1− x
)
+
}
,
(46)
S¯(y, µ) =δ(1− y) + αs
2pi
CF
{
δ(1− y)
[
−pi
2
12
+ ln
µ2
M2
− 1
2
ln2
µ2
M2
]
+
2
(1− y)+
[
−1 + ln µ
2
M2
]
− 4
(
ln(1− y)
1− y
)
+
}
,
(47)
where Q2 = M2(1 − rχ) and (. . .)+ the standard plus distribution. Note that both of the
above results are infrared finite. The logarithms are minimized at µ = Q(1 − x)1/2 and
µ = M(1− y) for the jet and soft functions, respectively.
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We can check that the obtained differential decay rate does not depend on the scale
choice, µ, to the order we are working. Differentiation with respect to d(log µ) gives,
µ
d
dµ
dΓ
dz
=
M
16pi
(
z − rχ
z
)2
|CL(µ)|2
{
2 Re[γC]
∫ 1
z
dx
x
J¯n(x, µ)S¯(z/x, µ)
+
∫ 1
z
dx
x
[(
µ
d
dµ
J¯n(x, µ)
)
S¯(z/x, µ) + J¯n(x, µ)
(
µ
d
dµ
S¯(z/x, µ)
)]}
,
=
M
16pi
(
z − rχ
z
)2
|CL(µ)|2
[
2 Re[γLOC ] · δ(1− z) +
(
γLOJ (z, µ) + γ
LO
S (z, µ)
)]
+O(α2s),
(48)
where γJ and γS are the anomalous dimensions for J¯n and S¯,
µ
d
dµ
J¯n(x, µ) =
∫ 1
x
dz
z
γJ(z, µ)J¯n(x/z, µ), (49)
µ
d
dµ
S¯(x, µ) =
∫ 1
x
dz
z
γS(z, µ)S¯(x/z, µ). (50)
At the lowest order in αs they are given by
γLOJ (z, µ) =
αs
pi
CF
[
δ(1− z)
(
2 ln
µ2
Q2
+
3
2
)
− 2
(1− z)+
]
, (51)
γLOS (z, µ) =
αs
pi
CF
[
δ(1− z)
(
− ln µ
2
M2
+ 1
)
+
2
(1− z)+
]
. (52)
From (40), (51), and (52) it then follows immediately that Eq. (48) vanishes at O(αs).
C. Resummed result for the differential decay rate near the end-point
The factorized result in Eq. (45) still contains large logarithms. We resum these by RG
evolving |CL|2, J¯n, and S¯ from the factorization scale µF down to the respective “typical
scales” for each of the three quantities. The RG evolution then automatically resums the
large logarithms and exponentiates them. Here “the typical scale” denotes the scale at which
the logarithms in the expressions for |CL|2, J¯n, and S¯ are minimized. The typical scale for
|CL|2 can be chosen as µH ∼ M(1− rχ). On the other hand, Eqs. (46) and (47) imply that
we can choose µJ ∼M(1− rχ)1/2(1− z)1/2 and µS ∼M(1− z) for the jet and soft functions,
respectively.
We perform the resummation at NNLL accuracy which requires the knowledge of anoma-
lous dimensions at NNLO,
γC = ACΓC ln
µ2
M2(1− rχ)2 + γˆC, (53)
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γJ(z) = δ(1− z)
[
AJΓC ln
µ2
M2(1− rχ) + γˆJ
]
− κJ AJΓC
(1− z)+ , (54)
γS(z) = δ(1− z)
[
ASΓC ln
µ2
M2
+ γˆS
]
− κS ASΓC
(1− z)+ . (55)
From Eqs. (40), (51) and (52) we extract {AC, AJ , AS, κJ , κS} = {−1, 2,−1, 1, 2}. ΓC is the
cusp anomalous dimension [34, 35], which can be expanded as
∑
k=0 Γk(αs/4pi)
k+1. The first
two coefficients in the expansion are,
Γ0 = 4CF , Γ1 = 4CF
[(67
9
− pi
2
3
)
CA − 10
9
nf
]
, (56)
where CA = Nc = 3 is the number of colors and nf is the number of flavors. The three loop
coefficient Γ2 reads [36]
Γ2 =4CF
[
C2A
(245
6
− 134pi
2
27
+
11pi4
45
+
22
3
ζ(3)
)
+ CAnf
(
−219
27
+
20pi2
27
− 18
3
ζ(3)
)
+ CFnf
(
−55
6
+ 8ζ(3)
)
− 4
27
n2f
]
. (57)
The noncusp anomalous dimensions in Eqs. (54) and (55) can be expanded as γˆf=J,S =∑
k=0 γˆf,k(αs/(4pi))
k. From Eqs. (51) and (52), the leading coefficients are given as
γˆJ,0 = 6CF , γˆS,0 = 4CF . (58)
The two loop coefficients required for NNLL accuracy are given by [37]
γˆJ,1 =− 2CF
[
CF
(
−3
2
+ 2pi2 − 24ζ(3)
)
+ CA
(
−3155
54
+
22pi2
9
+ 40ζ(3)
)
+ nf
(247
27
− 4pi
2
9
)
+ 2β0(7− 2pi2)
]
, (59)
γˆS,1 =16CF
[
CA
(
− 37
108
+
pi2
144
+
9
4
ζ(3)− 1
6
)
− nf
( 1
54
+
pi2
72
)]
, (60)
where β0 is the first coefficient of QCD beta function. The γˆC in Eq. (53) can be written as
γˆC = −γˆJ − γˆS from the fact that the the differential decay width is scale independent.
Performing the RG evolutions using Laplace transform [38, 39] leads to the resummed
result near the end-point at NNLL accuracy as
dΓres(q˜ → χ0XqL)
dz
=
M
16pi
(1− rχ))2 exp[M(µH , µJ , µS)]|BL(µH)|2|CL(M, rχ, µH)|2
× J˜
[
ln
µ2J
M2(1− rχ) − ∂η
]
S˜
[
ln
µ2S
M2
− 2∂η
]e−γEη
Γ(η)
(1− z)−1+η,
(61)
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where J˜ and S˜ are given by
J˜ [L] =1 +
αsCF
2pi
(7
2
− pi
2
3
+
3
2
L+ L2
)
, (62)
S˜[L] =1 +
αsCF
2pi
(
−5pi
2
12
+ L− 1
2
L2
)
. (63)
The exponantiation factor In Eq. (61) is given by
M(µH , µJ , µS) = 2SΓ(µH , µJ)− 2SΓ(µJ , µS) + ln µ
2
H
M2(1− rχ)2a[ΓC ](µH , µJ)
− ln µ
2
H
M2
a[ΓC ](µJ , µS) + a[γˆJ ](µH , µJ) + a[γˆS](µH , µS),
(64)
with the Sudakov factor SΓ and the evolution function a[f ] defined as
SΓ(µ1, µ0) =
∫ α1
α0
dα
b(α)
ΓC(α)
∫ α
α1
dα′
b(α′)
, a[f ](µ1, µ0) =
∫ α1
α0
dα
b(α)
f(α). (65)
Here α and α0,1 denote αs(µ) and αs(µ0,1), while b(αs) = dαs/d lnµ is the QCD beta
function. To NNLL accuracy SΓ and a[ΓC ] are given by [40]
S(µ1, µ0) =
Γ0
4β20
{
4pi
αs(µ1)
(
1− 1
r
− ln r
)
+
(Γ1
Γ0
− β1
β0
)
(1− r + ln r) + β1
2β0
ln2 r
+
αs(µ1)
4pi
[(β1Γ1
β0Γ0
− β2
β0
)
(1− r + r ln r) +
(β21
β20
− β2
β0
)
(1− r) ln r
−
(β21
β20
− β2
β0
− β1Γ1
β0Γ0
− Γ2
Γ0
)(1− r)2
2
]}
,
(66)
a[ΓC ](µ1, µ0) =
Γ0
2β20
[
ln r +
(Γ1
Γ0
− β1
β0
)αs(µ0)− αs(µ1)
4pi
]
. (67)
Finally, the evolution parameter η in Eq. (61) is defined as η = 2a[ΓC ](µJ , µS). It is positive
since µJ > µS.
IV. DECAY DISTRIBUTION IN THE FULL RANGE
Even though the decay distribution dΓ/dz in the region z → 1 is the dominant contribu-
tion to the total decay width, it is useful for phenomenological analyses to obtain the decay
distribution in the full range of z, while retaining the O(1− z) corrections. The expression
for dΓ/dz away from z → 1 should be obtained using full QCD. Away from the end-point
region the gluon emissions are hard so that the total invariant mass of final state jets can
be comparable to M .
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FIG. 2. The NLO Feynman diagrams for q˜ → χXqL . The dashed lines at the center of each
diagram denotes the discontinuity cut for forward scattering amplitudes.
To perform the calculation of TL in Eq. (19) in full QCD we introduce the structure
function WL(z, rχ,M),
TL(z, rχ,M) = 2pi|BL|2WL(z, rχ,M). (68)
The WL is thus given by
WL(z, rχ,M) =
1
2pi
∫
d4ze−ipχ·z〈q˜|q˜∗α(PLqα)a(z)(q¯βPR)bq˜βL(0)|q˜〉(p/χ −mχ)ba, (69)
where pχ is the momentum of the neutralino (the expression for it in terms of z and rχ is
given in Eq. (24)). The differential decay rate is then
dΓ
dz
(q˜ → χ0XqL) =
M
16pi
|BL(µ)|2 1
z
(
z − rχ
z
)2
WL(z, rχ,M, µ). (70)
At tree level we have simply WL = δ(1− z).
To obtain the NLO expression for WL we computed the Feynman diagrams shown in
Fig. 2 as well as self energy diagrams for the squark and the light quark. As a result, one
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loop corrections to WL in MS scheme are given as
W (1)(z, rχ,M, µ) =
αsCF
2pi
{
δ(1− z)
[
3
2
ln
µ2
M2(1− rχ)2 +
1
4
ln2(1− rχ) + 2Li2
( rχ
rχ − 1
)
− 2rχH1(rχ)− 7
2
rχH2(rχ) +
5
4
− pi
2
3
]
+
rχ
z − rχ
+
1
(1− z)∆
z
z − rχ
[
−4(1− rχ) + 1
2
(
z − rχ
z
)]
− 2z(1− rχ)(2− z − rχ/z)
z − rχ
[
g(z, rχ)
]
∆
}
.
(71)
Here we introduced so called ‘the delta distribution’, [. . .]∆, in order to deal with infrared
(IR) singularity as z → 1. The details have been provided in in Appendix A. In Eq. (71)
the functions H1,2(rχ) and g(z, rχ) are given by,
H1(rχ) =
∫ 1
√
rχ
dz
z
(2− rχ − rχ/z)(1− 2rχ/z + rχ/z2)
(z − rχ/z)(1− rχ/z)2 ln
1− z
1− rχ/z , (72)
H2(rχ) =
∫ 1
√
rχ
dz
z
1− 2rχ/z + rχ/z2
(1− rχ/z)2 =
1√
rχ
+ 2 coth−1(1 + 2
√
rχ)−
ln(1 +
√
rχ)
x
, (73)
g(rχ, z) =
z
(1− z)(z2 − rχ) ln
1− z
1− rχ/z . (74)
The anomalous dimension γW (z), controlling the RG evolution of structure functions,
µ
d
dµ
WL(M, rχ, z, µ) =
∫ 1
z
dx
x
γW (x)WL(M, rχ, z/x, µ) (75)
is given by
γW (z) = 3
αsCF
2pi
δ(1− z) +O(α2s). (76)
Using the fact that dΓ/dz is scale-invariant then gives the anomalous dimension for BL(µ)
as γB = −3αsCF/(2pi) +O(α2s), which, as expected, is the same result as given in Eq. (41).
Finally, we combine our results for the differential decay rates in the full z range and near
the end-point, z → 1, to obtain the decay distribution at NNLL+NLO,
dΓfull
dz
(q˜L → χ0Xq) = dΓres
dz
+
dΓfNLO
dz
− dΓ
f
E
dz
. (77)
The first and the second terms on the right-hand side are the resummed result near the
end-point, Eq. (61), and the NLO result for the full z range, Eq. (70), respectively. The
double counting of contributions between the two terms is removed by the third term on the
right-hand side of (77), i.e., the dΓfE/dz. The expression for dΓ
f
E/dz follows from dΓres/dz
by identifying the multiple scales as µH = µJ = µS = M(1− rχ).
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Mχ(GeV) LO(GeV) NLO(GeV) NNLL+NLO(GeV) scale unc.(%)
1000 7.93 7.87 7.56 7.88
900 10.90 10.85 10.50 7.83
800 13.96 13.90 13.55 7.80
700 16.97 16.91 16.59 7.79
600 19.81 19.74 19.49 7.78
500 22.39 22.30 22.14 7.79
400 24.62 24.50 24.44 7.79
300 26.43 26.29 26.31 7.80
200 27.76 27.62 27.70 7.82
TABLE I. Estimated total decay widths, Γ, of a 1.45 TeV squark following from leading order
(LO), fixed-order (NLO) and NNLL+NLO predictions, setting BL = 1 in Eq. (4) (for other
choices the results should be rescaled by |BL|2). Benchmark neutralino masses are varied in the
interval 200 < Mχ < 1000 GeV. The last column shows the impacts of scale uncertainties resulting
from the variations of soft and jet scales for NNLL+NLO predictions. We set µmin = 1 GeV for
the soft-scale-profile function defined in Eq. (79).
V. PHENOMENOLOGICAL STUDY
In this section, we present a detailed study of NNLL + NLO predictions for the q˜ → qχ
decay. In section V A we show our results for the normalized differential width distributions
as well as the total decay widths, and discuss the impact of soft gluon resummations on the
combined NNLL+NLO results. For the resummed result at NNLL, we take into account
scale dependences on the choices of µJ and µS. In section V B, we perform a numerical
analysis at NNLL+NLO accuracy for the decays of pair-produced squarks in a linear e+e−
collider based on
√
s = 3 TeV Compact Linear Collider (CLIC). Since the decay topology of
a squark can be significantly altered by higher-order corrections, it is necessary to scrutinize
these effects for the precise measurements of a squark and neutralino masses, which is an
important part of the CLIC physics program.
A. Differential width distributions and total widths
The differential decay rate that we calculated at NNLL+NLO accuracy in Eq. (77)
depends on matching scales, µH , µJ and µS. To incorporate the scale dependency, we vary
all soft and jet scales while keeping the hard scale fixed
µH = M(1− rχ) , (78)
where M is the squark mass and rχ is the variable introduced in Eq. (22). The default jet
and soft scales are chosen as µ0J = M
√
(1− rχ)(1− z) and µ0S = M(1 − z). These naive
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FIG. 3. The total decay widths of a squark obtained at NNLL+NLO and NLO predictions with
respect to LO accuracy as a function of mass M . We fixed neutralino masses to (left) Mχ =
500 GeV and (right) Mχ = 1 TeV. We set µmin = 1 GeV for the soft-scale-profile function defined
in Eq. (79). The variation of the jet and soft scales is not included here.
scale choices face the Landau pole as z → 1. In order to avoid it, we modify the soft scale
using the following profile function
µpfS =
{
M(1− z) if z ≤ z0,
µmin + aM(1− z)2 if z > z0. (79)
The soft scale is fixed to be µmin as z → 1, while the parameters z0 (1− z0  1) and a are
taken to be z0 = 1− 2µmin/M and a = M/(4µmin), such that µpfS is smooth at z0. We also
modify the jet scale using the following profile function
µpfJ =
√
M(1− rχ)µpfS . (80)
Table I shows the total decay widths of a squark with massM = 1.45 TeV obtained at LO,
the fixed NLO, and NNLL+NLO predictions. Benchmark neutralino masses are chosen in
the interval 200 < Mχ < 1000 GeV. The total decay widths scale with |BL|2 where BL is the
Wilson coefficient defined in Eq.(4). The differences between the NNLL+NLO predictions
and the fixed NLO predictions are up to 4%. The last column in Table I shows the estimate
of scale dependences on the choice of the jet and soft scales. Those are obtained by varying
the jet and soft scales in the range from µ0J,S/2 to 2µ
0
J,S in the NNLL+NLO predictions.
The scale uncertainties are less than 8%, throughout the range of considered neutralino
masses. Figure 3 shows the total decay widths of a squark obtained at NNLL+NLO and
NLO predictions with respect to LO accuracy as a function of mass M .
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FIG. 4. Normalized differential width distributions of the NNLL+NLO and fixed NLO predictions
for M = 1.45 TeV with two benchmark neutralino masses, (left) Mχ = 1 TeV and (right) Mχ =
500 GeV. Two choices for the soft scale at z → 1 are shown, µmin = 1 GeV (green) and 2 GeV
(blue), see also Eq. (79).
Although the fixed NLO and NNLL+NLO predictions agree well for the total decay
width, the normalized differential width distributions show a stark difference between the
NNLL+NLO and the fixed NLO predictions (see Figure 4). The main difference arises in
the region 1− z . 0.01, for which Figure 4 shows predictions for 1.45 TeV squark mass and
two choices of neutralino masses, Mχ = 1 TeV and Mχ = 500 GeV. The fixed NLO decay
width distributions diverge in the region z → 1, while the resummations in the NNLL+NLO
prediction regulate the distribution. The net effect is that a relatively larger part of decay
width resides at smaller values of z for the NNLL+NLO prediction than it does for the NLO
prediction. We explore the phenomenological implications of this observation in the next
section. Note that the scale uncertainties in NNLL+NLO are rather moderate, signaling
that the NNLL+NLO accuracy may suffice for many phenomenological applications.
B. Precision studies of squarks and neutralinos at CLIC
The squark decay, q˜ → qχ is two-body at LO, but results in a multi-body final state
due to additional hard or soft QCD radiation at higher orders. This can potentially affect
the methods for precise measurements of squark and neutralino masses. As an illustration
we take the impact of QCD corrections on such measurements at CLIC [41–44], a future
linear e+e− collider designed to provide collision energies up to 3 TeV. If supersymmetric
particles are light enough to be produced at such machine, CLIC will provide a platform for
precision studies where their properties could be determined with considerable accuracy [45–
21
49]. In the phenomenological analysis we focus exclusively on the impact of QCD radiations
in the squark decay. For a realistic study other important effects, in particular the initial
state QED radiation, that results in the reduced effective e+e− collision energy, need to be
included.
For pair-produced squarks that decay into light quarks and neutralinos,
e+ e− → q˜ q˜∗ → q χ q χ , (81)
an interesting technique to simultaneously measure squark and neutralino masses, is to
search for the edges in the event distributions. We will discuss two such methods, i) based
on edges in energy distribution of the light quark jets, E1+E2, and ii) a method based on the
kinematic variable MC . The LO and NNLL+NLO predictions for the E1 +E2 and MC event
distributions for
√
s = 3 TeV e+e− collisions are shown in Figures 5 and 6, respectively.
The numerical analysis is based on LO version ofMadGraph5 aMC@NLO [50, 51] with
PYTHIA 6 [52] showering, but no hadronization, which was used to generate the event chain
in (81), utilizing the Minimal Supersymmetric Standard Model (MSSM) implementation
from [53, 54]. The PYTHIA events were clustered with the FastJet [55] implementation
of the anti-kT algorithm [56], taking r = 0.4 for the cone size. For events to pass the
selection cuts we require at least two jets with pT > 50 GeV. To obtain the NNLO + NLO
Monte Carlo sample we reweigh PYTHIA events, on an event-by-event basis, according to the
d log Γ/dz normalized differential distributions, Figure 3, for each of the decay chains. 2 In
this way the NNLO+NLO Monte Carlo sample has the correct NNLO+NLO distribution
in z variable, but is only approximately NNLO+NLO in the other final state phase space
variables. We derive results for two benchmarks, setting squark mass to M = 1.45 TeV,
while taking the lightest neutralino mass to be Mχ = 1 TeV or 0.5 TeV, and assume a
negligible squark decay width. In this study, the beamstrahlung, initial state radiation, and
detector effects are not included.
For two body squark decays, (81), the minimal and maximal light quark energy are
directly related to M and Mχ [57, 58]
Eq,max =
√
s
4
(
1− M
2
χ
M2
)(
1 +
√
1− 4M
2
s
)
, (83)
Eq,min =
√
s
4
(
1− M
2
χ
M2
)(
1−
√
1− 4M
2
s
)
, (84)
2 The variable z can be rewritten in a Lorentz-invariant form,
z =
x+
√
x2 − 4rχ
2
with x = 2
pχ · pq˜
M2
, (82)
with pq˜ and pχ the squark and neutralino four-vectors, respectively. We use µmin = 1 GeV for the shape
of the profile function, Eq.(79).
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FIG. 5. Distributions for the sum of energies of the first two hardest jets for Mχ = 1 TeV (left)
and Mχ = 500 GeV with fixed M = 1.45 TeV (right).
and thus in our case E1+E2 ∈ [2Eq,min, 2Eq,max], neglecting the small squark boosts in the lab
frame. At LO the E1 +E2 distributions start at 0.59 TeV and 0.98 TeV, for Mχ = 0.5 TeV
and Mχ = 1 TeV, respectively, see red lines in Figure 5. On the other hand, the NNLL+NLO
distributions extend well below these boundaries, see the blue lines in Figure 5, wher E1,2
were identified as the energies of the two hardest jets in each event. This behavior is easy
to understand - the collinear radiation leads to nonzero jet masses, or equivalently, to a
d log dΓ/dz squark decay distribution with most of the events having z < 1 (two-body
decays have z = 1), see Figure 4. This in turn means that the jet energy is smaller than in
the two body decay, cf. (24), softening the E1 +E2 spectrum. The effect is present, but less
pronounced, also at the upper edge of the E1 + E2 distribution.
The extraction of M , and Mχ from the E1 +E2 distribution is still possible, as indicated
by the fact that the E1 + E2 distributions shifts significantly between the Mχ = 0.5 TeV
and Mχ = 1 TeV benchmarks. However, one would need to use the full matrix element
and not just the edges, in this way controlling the shift of the edges due to the soft and
collinear radiations. In addition to the NNLL+NLO decay width distributions that we
have calculated in the present manuscript, one would also control other systematics and
theoretical uncertainties. The method, for instance, requires precise knowledge of the center
of mass energy, which can be potentially distorted by beamstrahlung [59, 60] and initial
state radiations (ISR), causing sizable uncertainties in the measurements of the edges, see,
e.g., Ref. [58] .
An alternative mass measurement method exploits the kinematic variable MC [61], in-
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FIG. 6. The MC distributions for (left) Mχ = 1 TeV and (right) Mχ = 500 GeV with fixed
M = 1.45 TeV.
variant under centra-linear boosts of equal magnitude,
MC =
√(
Eq,1 + Eq,2
)2 − (~pq,1 − ~pq,2)2 . (85)
Here Eq,1, ~pq,1 and Eq,2, ~pq,2 are the energies and three-momenta of the two final state quarks,
respectively. The maximal value of MC is reached when the two jets are co-linear. It is given
by
MmaxC =
M2 −M2χ
M
, (86)
showing that MC is sensitive to both M and Mχ. The virtue of the MC variable is that it does
not depend on the center of mass energy, and is therefore less susceptible to beamstrahlung
distortions [58]. Similarly to the E1 + E2 distribution, the collinear and soft radiations
cause the MC spectrum to soften. However, as can be seen in Figure 6, the effect is more
pronounced at the maximal value of MC , which is exactly the quantity that enters the
determination of M and Mχ. Comparing the shift in the distributions for Mχ = 0.5 TeV
and Mχ = 1 TeV one sees that the LO sensitivity to M,Mχ, Eq. (86), still applies to a
good extent also to the resummed distribution with MC constructed using the two hardest
jets. However, for a precise determination a matrix element method based on resummed
distributions will be needed.
Finally, we show in Figure 7 the LO (red) and NNLL+NLO missing energy Emiss dis-
tributions. Here the Emiss is due to the two neutralinos in the final state, and we do not
include any detector effect. Unlike the other two observables, E1 + E2 and MC , the ef-
fect of resummations is negligible for the Emiss distribution. This is because the neutralino
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FIG. 7. The missing energy distributions for (left) Mχ = 1 TeV and (right) Mχ = 500 GeV with
fixed M = 1.45 TeV.
mass is too heavy that recoiling effect against soft gluon radiations from the quark-sector is
insignificant.
VI. SUMMARY
In this paper we have studied QCD corrections to the squark decay, q˜ → qχ. The
large logarithms that arise in the end-point region, z → 1, were resummed using SCET up
to NNLL accuracy. Away from the end-point we computed hard gluon radiations at NLO.
Finally, we provided an expression that smoothly interpolates between the two results, giving
the NNLL+NLO prediction for the total decay width and the decay distribution, dΓ/dz.
As a result, the total decay widths obtained at the fixed NLO and NNLL+NLO predictions
agree with each other for M & 1.45 TeV. The difference between two predictions for
normalized differential width distributions arise in the end-point region, 1 − z . 0.01. A
relatively larger part of normalized width distribution resides at smaller values of z in the
NNLL+NLO prediction compared to the unresummed NLO result.
The additional QCD radiation in the decay softens the decay distributions for many ob-
servables. As a case study for the phenomenological impact of higher order QCD corrections
we explored the methods for simultaneous measurements of squark and neutralino masses
at a linear e+e− collider based on
√
s = 3 TeV CLIC. A majority of mass measurement
techniques are based on edges in kinematic distributions. Such kinematic edges are modi-
fied by having additional QCD radiation in the event. For instance, the distribution of the
combined energy of the hardest two jets, E1 + E2, now extends below the lower boundary
25
that is otherwise obtained in the case of two body decays. Similarly, the distributions in the
MC variable get softened near its maximal value, which is precisely the region used for the
quark and neutralino mass extractions. The induced shift in the masses could be estimated
from a matrix element based method using the NNLL+NLO resummed decay distributions
that we provided. In a quantitative analysis one would also need to include additional effects
such as the breamstrahlung, initial state radiation, and detector effects.
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Appendix A: Details about ∆-distributions
Consider function g(u, ) that is singular at  = 0 with u = 0, and define
A() =
∫ 1
0
du g(u, ), (A1)
where A() can have (1/)n poles. The g(u, ) function can be rewritten in terms of delta
function and plus distributions as,
g(u, ) = A()δ(u) + [g(u, )]+, (A2)
where the plus distribution is defined as∫ 1
0
du
[
g(u)
]
+
f(u) =
∫ 1
0
du g(u)
[
f(u)− f(0)
]
. (A3)
For application to our results it is useful to make a change of variables, u = h(z), so that
the singular point, u = 0, is now at z = 1, while z ∈ [a, 1], i.e., h(1) = 0 and h(a) = 1.
When extracting the IR poles from the integral over z one needs to carefully keep track all
the factors due to a change of variables. Consider now the integral∫ 1
a
dzf(z)g(u, ) =
∫ 1
0
du
(
−dz
du
)
f˜(u)
(
A()δ(u) +
[
g(u, )
]
+
)
, (A4)
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where on the lhs g(u, ) = g(h(z), ), while on the rhs f˜(u) = f(h−1(u)) = f(z). Using
Eq. (A3) we can rewrite the above expression as∫ 1
a
dzf(z)g(u, ) =
∫ 1
0
du
(
−dz
du
)
f˜(u)A()δ(u)−
∫ 1
0
dug(u, )
(dz
du
f˜(u)− dz
du
∣∣∣
u=0
f˜(0)
)
=
∫ 1
a
dzf(z)A()δ(1− z)
/∣∣∣du
dz
∣∣∣
z=1
+
∫ 1
a
dz g(u, )
[
f(z)− f(1)du
dz
/(du
dz
∣∣∣
z=1
)]
,
(A5)
where in the last two lines u should be viewed as a function of z, u = h(z). This means that
in terms of the z-space distributions we have
g(u, ) = A()
∣∣∣du
dz
∣∣∣−1
z=1
δ(1− z) +
[
g(u, )
]
∆
, (A6)
where we have defined ∆-distribution as∫ 1
a
dzf(z)
[
g(u, )
]
∆
=
∫ 1
a
dz g(u, )
[
f(z)− f(1)du
dz
/(du
dz
∣∣∣
z=1
)]
. (A7)
Note that term in the bracket multiplying g(u, ) in the right side tends to zero as z → 1.
In obtaining Eq. (71) in the main text, we used the change of variables, u = (1− z)/(1−
x/z), for which du/dz = −(1 − 2x/z + x/z2)/(1 − x/z)2, and du/dz|z=1 = −1/(1 − x). A
function g(u, ) = 1/u1+, can then be expressed in terms of z-space distributions as
1
u1+
= −1− x

δ(1− z) +
[(1− x/z)1+
(1− z)1+
]
∆
, (A8)
The ∆-distribution can be further expanded by ,∫ 1
√
x
dz
[(1− x/z)1+
(1− z)1+
]
∆
f(z) =
∫ 1
√
x
dz
1− x/z
1− z
[
f(z)− (1− 2x/z + x/z
2)(1− x)
(1− x/z)2 f(1)
]
+O().
(A9)
In calculating the Feynman diagrams (c) and (d) in Fig. 2, one encounters the following
integral ∫ 1
0
dα
α−(1− α)−
(1− u)α + u =
(
Γ(1− ))2
u
2F˜1
(
1, 1− ; 2− 2; u−1
u
)
, (A10)
which is divergent for u = 0 and  = 0. For extraction of 1/ poles we can use that∫ 1
0
du u−2−2F˜1
(
1, 1− ; 2− 2; u−1
u
)
= − 1
43Γ(−2) , (A11)
where the regularized hypergeometric function 2F˜1 simplifies at  = 0 to
2F˜1
(
1, 1; 2; u−1
u
)
= −u lnu
1− u . (A12)
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Applying Eq. (A6) then leads to
u−2−2F˜1
(
1, 1− ; 2− 2; u−1
u
)
=− 1− x
43Γ(−2)δ(1− z)
−
[
(1− x/z)2
(1− z)(z − x/z) ln
(1− z)
(1− x/z)
]
∆
+O().
(A13)
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